Abstract. A cotorsion hull of the separable p-group T is considered when T is a direct sum of torsion-complete groups. It is proved that in the considered case its cotorsion hull is fully transitive if and only if T is a direct sum of cyclic groups or is a torsion-complete group.
In the paper, under the word "group" is meant the additively written Abelian group. We use the notation and terminology from the monographs [1] , [2] .
A group A is called a cotorsion one if its extension by means of any torsionfree group C is decomposed as follows: Ext(C, A) = 0. The importance of the class of cotorsion groups in the class of Abelian groups depends on two factors:
1. For any groups A, B, the group Ext(A, B) is a cotorsion one. Thus the investigation of cotorsion groups reduces essentially to the consideration of groups of the form Ext(Z(p ∞ ), T ), where T is a p-primary group. Let p be a fixed prime number. The indicator or the Ulm sequence of an element a of the group A is the increasing sequence of natural numbers and symbols ∞,
Any reduced group G is isomorphically imbeddable into the group G
where h denotes a generalized p-height of the element, i.e.,
A and h(0) = ∞. In the set of indicators we define the order as follows:
The reduced group A is called fully transitive if for its arbitrary elements a and b, when H(a) ≤ H(b) for any prime p, there exists an endomorphism of the group ϕ such that ϕa = b.
In the p-adic topology, a complement of the p-group T is denoted by T . Its torsion part T is a torsion-complete group. In papers [3] and [4] it is respectively shown that if T is a torsion-complete group or a direct sum of cyclic p-groups, then its cotorsion hull T * = Ext(Z(p ∞ ), T ) is fully transitive. In fully transitive groups, the lattice of characteristic subgroups is described by means of indicators.
In particular, I. Kaplansky gave a description of fully invariant subgroups of the fully transitive p-group A. Any such subgroup has the form
where u = (σ 0 , σ 1 , . . . , σ n , . . . ) is an increasing sequence of natural numbers and symbols ∞, which satisfies the condition: if between σ n and σ n+1 there is a gap, then in A there exists an element of order p and height σ n (see [2, Theorem 67 .1]).
Having considered I. Kaplansky's proof, A. Mader [3] formulated the following theorem:
Let A be a module over the commutative ring R, M be the lattice of all fully characteristic submodules, S be some sublattice (with respect to intersections) and U : A → S be a mapping with the following properties:
for any a ∈ A and any endomorphism f of the module A;
Then the set S * of all dual ideals S, ordered with respect to the inclusion, is a lattice and the mapping
When T is a torsion-complete group or a direct sum of cyclic p-groups, A. Mader [3] and A. I. Moskalenko [4] also used the indicator function H = U to describe a lattice of fully invariant subgroups of the cotorsion hull T * , since in such cases, as has been noted above, T * is fully transitive and all the conditions of A. Mader's theorem are fulfilled.
In this paper the question of full transitivity of the group T * is studied when T is a direct sum of torsion-complete groups:
where J is any fixed set of indices and B j is the basic subgroup of the group
As is known, here the basic subgroup of the group T is B.
The case of the finite J is considered in [3] . In what follows, J is assumed infinite.
Any element of a p-adic complement T of the group T can be written in the form of the infinite vector
We write this element also in the form
where for each n, the sum For the separable p-group T , A. I. Moskalenko [4] represented elements T * in the form of countable sequences
Writing elements in this form, it is easy to calculate the height and the indicator. In particular, if a = (a 0 , a 1 + T, . . . ), then
where ω is the smallest infinite ordinal number.
Theorem. If T is a direct sum of torsion-complete groups, then its cotorsion hull is fully transitive if and only if T is a direct sum of cyclic p-groups or a torsion-complete group.
Proof. The sufficiency follows from [4] and [3] . We will prove the necessity.
Let (1) not be a direct sum of cyclic p-groups or a torsion-complete group. Then at least one of its summands B 1 is not a direct sum of cyclic groups and for any finite subset of indices J 1 the group ⊕ 
where b i belongs to the cyclic direct summand b 1 i of the group B 1 , while c i ∈ c j i and
where m is the fixed natural number, e is the exponent; i = 1, 2, . . . . Since B 1 and C are unbounded groups, such a choice of elements b 0 and c 0 is possible. It is
i.e. b 0 and c 0 are elements of infinite order of the group T . It is easy to verify that (4),
We will show that there does not exist an endomorphism of the group T * which maps b on c. This is equivalent to proving that there does not exist an endomorphism of the group T which induces an endomorphism on the subgroup T and maps b 0 on c 0 . Since H T (b 0 ) ≤ H T (c 0 ) and the algebraically compact group T is fully transitive (see [3] ), there exists an endomorphism ϕ of the group T such that ϕb 0 = c 0 . Let us show that there exists an element t ∈ T for which ϕt / ∈ T . By virtue of the properties of the group T ,
Denote the projection of the group T on the direct summand C by π, and on c j i by π i . Then
The element b i ∈ B 1 ⊂ T . Therefore if for some i, πϕb i , lying in C, has an infinite support, then πϕb i / ∈ T . Hence ϕb i / ∈ T and thus ϕ does not induce an endomorphism on the subgroup T .
Let us assume that for each i, πϕb i has a finite support, i.e. lies in C. Since h(b i+1 ) > h(c i ) + e(c i ) and c i ∈ c j i , c i is obtained from a finite number of summands
Therefore the element π i ϕb n ∈ c j i has a larger height than c i . Hence the right-hand side of equality (5) has a larger height than c i , which is impossible. Let n = i. Then we have three possible cases:
In the first case, by virtue of the above reasoning we have
In the second case, each summand on the right-hand side of equality (5), except the last one, has a height larger than c i , while the height of the last summand is smaller than h(c i ). Therefore h(c i ) = h(π i ϕb i ) < h(c i ), which again gives a contradiction. Thus only the third case is fulfilled:
Hence 
It is obvious that
The right-hand side of equality (9) is an element of the group C with an infinite support. Therefore πϕt / ∈ C. Then πϕt / ∈ T and ϕt / ∈ T , i.e., the endomorphism ϕ on T does not induce an endomorphism. The theorem is proved.
From this theorem it follows that in order to describe a lattice of fully characteristic subgroups of the group T * when T is a direct sum of torsion-complete groups, we cannot use, in the general case, the indicator function H from condition 4 of A. Mader's theorem. Thus, simultaneously, we have to look for another function possessing the required properties.
The proven theorem also gives rise to the following question: do torsioncomplete groups and direct sums of cyclic groups exhaust the classes of separable p-groups, where the cotorsion hull of a group is fully transitive?
The questions in the paper can be studied with some modifications for modules over the ring of principal ideals.
